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Abstract 

We study the generation of parameter from the dynamical rear- 
rangement of local £7(1) symmetry in a five-dimensional model and dis- 
cuss phenomenological implications on the parameter, under the as- 
sumption that supersymmetry is broken by the Scherk-Schwarz mech- 
anism. 



1 Introduction 

The origin of soft supersymmetry (SUSY) breaking terms and \l term is one 
of the biggest problem in the SUSY extension of standard model (SM). It is 
usually expected that a high-energy physics is described by a quantum field 
theory (QFT) respecting SUSY, the SUSY is spontaneously broken in some 
hidden sector, and soft SUSY breaking terms are induced in our visible sector 
by the mediation of some messengers. [T] Several mechanisms are proposed to 
generate the \i term with the breakdown of SUSY. [21 [31 HJ E] 

In our previous work, we proposed the mechanism that the soft SUSY 
breaking masses and \x parameter can be induced from the dynamical rear- 
rangement of local £7(1) symmetries in a five-dimensional model, in quest 
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of the possibility that SUSY is not completely realized in our starting high- 
energy QFT.[7]±| It is based on a lesson from the brane world scenario such 
that symmetries are not necessarily realized uniformly over the space-time 
including extra dimensions. [10[ [TTj As a weak point, our previous model has 
the low predictability for the magnitude of /i parameter. This is because 
the \x parameter is given by the relevant extra U(l) charge and the VEV of 
Wilson line phase which is determined by the one-loop effective potential in- 
dependent of the magnitude of soft SUSY breaking parameters. Hence we hit 
on the idea that it would be improved if the one-loop effective potential con- 
tains parameters relating soft SUSY breaking parameters and [i parameter 
at the same time. 

In this paper, we study the generation of [i parameter from the dynamical 
rearrangement of local U(l) symmetry in a five- dimensional model, under 
the assumption that SUSY is broken by the Scherk-Schwarz mechanism. The 
magnitude of \i parameter can be same as that of soft SUSY breaking masses 
of hidden scalar fields (4>k) because the one- loop effective potential includes 
both the Wilson line phase and the Scherk-Schwarz phases of We discuss 
phenomenological implications on the 9 parameter. In the next section, we 
give a model and the one-loop effective potential and derive the fi parameter. 
In the last section, conclusions and a discussion are presented. 

2 Our model 

2.1 Setup and outline 

We consider a SUSY extension of SM on the five- dimensional space-time 
M 4 x S 1 /Z 2 . The coordinates x M (M = 0,1,2,3,5) are separated into the 
uncompactified four-dimensional ones x^ 1 (fi = 0, 1, 2, 3) (or x) and the com- 
pactified one x 5 (or y). The S 1 /Z 2 is obtained by dividing the circle S 1 (with 
the identification y ~ y + 2irR) by the Z 2 transformation y — > —y, so that the 
point y is identified with — y. Then the S 1 /Z 2 is regarded as an interval with 
length tiR, with R being the S 1 radius. Both end points y = and ttR are 
fixed points under the Z 2 transformation. We regard the four- dimensional 
hypersurface on y = as our visible world. 

1 Using the Hosotani mechanism, a similar dynamical generation of soft SUSY breaking 
masses was investigated in the supergravity (SUGRA) on the five-dimensional space-time 
including the orbifold S 1 /Z 2 as the extra space. [SI [9] 
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We introduce the source of SUSY breaking through the Scherk-Schwarz 
mechanism. |12[ [T3"] It is applied to the SUSY SM on the five-dimensional 
space-time and the minimal SUSY extension of SM (MSSM) is derived on 
the brane.|IH EES! EE] The magnitude of soft SUSY breaking masses (m SUSY ) 
is 0(ai/R) where ai are twisted phases relating BCs and attached to the 
doublets of the R symmetry SU(2)r. We refer to them as Scherk-Schwarz 
phases. Tiny phases of an = 0(R/TeV~ 1 ) are necessary (in the unit of TeV -1 
for the radius of extra dimension R) in order to obtain m SUSY of 0(l)TeV. 

We bring extra U(l) gauge symmetry which become a seed to the /x term 
through the dynamical rearrangement, in place of the twisted phase relat- 
ing the /i parameter^] The dynamical rearrangement is a part of Hosotani 
mechanism. |17 [ [T5 | IT5] The physical symmetry and spectra are obtained after 
the determination of vacuum state via the mechanism. An excellent feature 
is that the physics is mostly dictated by the particle contents of the theory 
including the assignment of gauge quantum numbers. 

When we utilize the Hosotani mechanism, we encounter the problem that 
the fifth component of extra U(l) gauge boson (A 5 ) has usually Z 2 odd 
parities and it cannot play the role of Wilson line phase. For the problem, 
there are two ways to make Z 2 parities of A§ even. One is that we impose 
the conjugate BCs on fields. [20] This type of BCs are not suitable for the 
SM gauge bosons and matter fields because zero modes of the SM gauge 
bosons are projected out and zero modes of matter fields possess only real 
components. But they can be useful for SM singlets. The other is that we 
use a variant of the diagonal embedding proposed in Ref. [21J. As shown 
later, we can impose appropriate BCs on both SM gauge bosons and matter 
fields, and the non-abelian structure such as SU (2) can be build by making 
a difference between the eigenstates of U(l) gauge symmetry and those of 
BCs. Hence we adopt the latter one for the MSSM fields and the former one 
for SM singlet fields introduced in order to induce a non-vanishing Wilson 
line phase of extra U(l) symmetry. 

2.2 MSSM particles 

First let us prepare bulk fields whose massless modes (in the absence of 
Schark-Schwarz phases) at the tree level contain the MSSM particles. The 

2 The /i parameter can be derived from the twisted phase relating BCs and attached 
to the doublets of SU(2) H for Higgs hvpermultiplets. [M) [T51 [T6] 
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minimal sets are given with those BCs including the Scherk-Schwarz phases 
(a\, (Xi, ah) as follows. 

(i) The member of would-be MSSM gauge multiplets are (Am,S; A 1 , A 2 ) 
whose BCs are given by 

A M (x, y + 2nR) = A M (x, y) , E(x, y + 2nR) = E(z, y) , 



^ )(x,y + 2nR) = e 2 — ( f 2 ) (x, y) , (1) 



E 



A li (x,-y) = A li (x,y) , y v )(x,-y) = -[ v ) (x,y) , 

-A 1 



A 2 j\x,y), (2) 



( A 2 ) ^' ~^ = 75 

27Ti? - y) = A„(x, y) , (x, 27rR-y) = -^^J (x, y) , 

( ^2 ) (x, 2nR -y) = e 2 ™^ 7 5 ( ~ f ) (x, y) , (3) 

where Am is the five- dimensional SM gauge bosons, E is a real scalar field 
and (A 1 , A 2 ) are gauginos represented by symplectic-Majorana fermions. The 
index indicating the SM gauge group or generators is suppressed. The mass- 
less fields come from A^ and \ l L . The gauginos can acquire the ctA-dependent 
masses. 

(ii) The member of would-be MSSM matter multiplets are <p l , (f) 01 ') whose 
BCs are given by 

r(x, y + 2nR) = ^(x, y) , ( ^ ^(x, y + 2«R) = e 2 ™ ( ^ y) , (4) 

rj}\x, -y) = -75#(x,y) , ^ ^ ^(x, -y) = ^ _^ cif ^(x,y) , (5) 
^\x,2nR-y) = - lb ^{x,y) , 

( ^ ^(x, 2nR -y) = e 2 — ( y) , (6) 

where ip l are fermions represented by four-component spinors and (0* , <p c ^) 
are complex scalar fields. The index i represents particle species. The mass- 
less fields come from i]) l L and <p l which are the chiral fermions (quarks and 
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leptons) and the corresponding scalar bosons (squarks and sleptons), respec- 
tively. The scalar bosons can acquire the ctj-dependent masses. 

(iii) The member of would-be MSSM Higgs multiplets are (h; h, h c ^) and 
(h;h,h c ^). The MSSM Higgsinos come from the fermions h and h. The 
MSSM Higgs bosons stem from the complex scalar fields (h, h c ) and (h, h c ). 

We use the notation such that h\ — h, h 2 — h for Higgsinos and hi 1 = h, 
hi 2 = h c \ h 2 = h\ h 2 = h c for Higgs bosons. We impose the following BCs 
on Higgsinos, 



h 2 

hi 

h 2 

hi 

~h 2 



(x, y + 2ttR) 
(x, -y) = 75 
(x, 2nR - y) 



( h 
{ h 2 

h N 

-h 2 , 

75 



(x,y) , 



-~h 2 



and on Higgs bosons, 



h 1 

h 2 ' 
h 2 2 

h 2 

h 2 l 
h 2 2 

h 1 



h 2 l 
h 2 2 



x, y + 2-kR) = e 

x, y + 2nR) = e 
( V 



27TiOil l T2 



h 1 
h 2 

h, 1 

h 2 2 



j(x,y) 



x, -y) = 
x, -y) = 

\ "-2 

x, 2tcR -y) = e 2niahT2 



-V 

'2 Z 



h, 2 



x,y) , 
x,y) , 



x, 2nR — y) = e 



2-Kia.hTi 



hi' 
-h 2 



h, 2 



{x,y) 
{x,y) 



(7) 
(8) 
(9) 



(10) 



(11) 



(12) 



In the bulk, there are no Yukawa couplings among matter multiplets and 
Higgs multiplets because of SUSY. We impose the R symmetry on the model. 
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Then the theory on our brane is described by the SUSY Lagrangian of the 
MSSM, using the above particle contents. The /x term is forbidden at the 
tree level by the R symmetry. Upon compactification, the following mass 
terms are derived, [HI EES EE] 

m?|0f -m 2 hu \h u \ 2 -m 2 hd \h d \ 2 , (13) 



where A a are the MSSM gauginos, 0* are the MSSM sfermions and (h u , h^) 
are the MSSM Higgs bosons, and M A a, and rrih d are the soft SUSY 

breaking masses given by 

= = (£)'•< = < = (2)' ■ (14) 

Note that /i and .B terms do not appear in the absence of the twisted phase 
attached to the doublets of SU{2)h for Higgs hypermultiplets. 

2.3 Extra U(l) symmetry 

We introduce extra U(l) gauge symmetry to generate \i and B terms through 
the dynamical rearrangement. Let the abelian gauge boson A'\2 of U(l)'^ 
satisfy the BCs: 

A' i k \x,y + 2rcR) = Af I \x,y) , (15) 
A*~\x, -y) = -A' { -\x,y) , Af\x, -y) = Af\x,y) , (16) 
A' { -\x,2nR-y) = -A' { -\x,y) , Af\x, 2nR - y) = A ,{ f\x, y) . (17) 

From (fl5l) - ( fTTl) . we find that the U(l)'^ is broken down on our brane 
because the massless mode do not appear in A'^ but A'[ \ The massless 

mode of A'^ is a dynamical field which willplay a central role as the Wilson 
line phase in the dynamical rearrangement^ 

Let us assume that the interactions of A'^ and Higgsinos are described 
by the Lagrangian density 

£, = MMMT" ( . , d " <_> ) ( h ) , (18) 



3 The superpartners A'/ ' and A2 of J7(1)'M gauge boson are also introduced. They 
cannot couple to matter multiplets but Higgs multiplets. We do not discuss their phe- 
nomenological implications because the mass spectra depend on the BCs. 
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where g' 5D is the gauge coupling of U(l)'^ with mass dimension [g' 5D ] = —1/2. 
Here and hereafter we omit the SM gauge bosons irrelevant of our discussion 
to avoid a complication. Note that the hk (k = 1,2) are the eigenstates of 
BCs, but they are not the eigenstates of U(l)'^ symmetry. If A'$ •* acquires 
a non- vanishing vacuum expectation value (VEV), the following Higgsino 
mass term is induced 

Cf ass = -(fih u h d + h.c.) , (19) 

where \x = g' w q' h (A'^) and (h u , ha) are the MSSM Higgsinos. 

The eigenstates of U(l)'^ symmetry can be constructed as a linear com- 
bination such that 

~ _ h 1 + h 2 ~ _ h x -h 2 

In fact, L~ h is rewritten by 

C- h = i{H u H 2 )T- ( 9 - + i9 'f* A '- . , (_) , (21) 

V d M - tg 5D q' h A n M > J V H 2 J 

where q' h is the charge of U(l)'^ with the mass dimension [q' h ] = 0. We need 
a pair of fields whose U(l)'^ charge has an opposite value, i. e. H\ and H 2 . 
They satisfy the BCs: 

H k (x, y + 2-kR) = H k (x, y) , H^x, -y) = ^H 2 {x, y) , 
H 1 (x,2nR-y) = >y 5 H 2 (x,y) (22) 

and are expanded as 

00 ~ / n \ 

Hi(x,y)= H n(x) exp U— y) , (23) 



n=— co 

oo 



H 2 (x,y)= l5H n (x)exp(-i^y) , (24) 

n=-oo \ R J 

respectively. Here and hereafter a common normalization factor is omitted. 
Upon compactification, the following mass terms appear after integrating 
over y, 

£ (h^H^x) + H rA (x)H fiL (x)) , (25) 
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where 7 = g' 5 - D (A'^)R with the mass dimension [7] = and i is absorbed 
into the phases of fields. From fl25|) . the following one-loop effective potential 
is obtained 



00 1 

^i[7] = 8C7£-T cos [27^7)] , 



n=l 



7?. 



(26) 



where C = 3/(1287r 6 i? 4 ). Here and hereafter 7-independent terms are omit- 
ted. 

As the same way, let us assume that the interactions of A'^ and Higgs 
bosons are described by the Lagrangian density 







w Wm^hA'S^ 



d 



M 



h 1 



+ 



9m ig' 5D q' h A' M 
d M 



M 



(27) 



Note that the (k — 1,2, I — 1,2) are not the eigenstates of U(l)'( ) 
symmetry. If A'^ acquires a non-vanishing VEV, the following Higgs mass 
term is induced 



n mass 



V + (^) 2 ) (\K\ 2 + N 2 ) - Bfi (h u h d + h.c. 



(28) 



where Bfi = 2a>hg' 5U q' h {A'i i )/R = 2othq'hl/R 2 and i is absorbed into the 
phases of fields. 

The eigenstates of U(l)'^ symmetry can be constructed as a linear com- 
bination such that 



n l — 7= ) -"2 = 



In fact, Ch is rewritten by 



V2 ' 
h 2 + h 2 2 
V2 ' 



H d 



V2 ' 
h 2 + h 2 2 
V2 



(29) 



+ 



) H1 


2 

+ 




to 


)h 3 


+ 


8 





9m - ig' 5D q' h A 'iS) H 4 



(30) 



The H a (a = 1, 2, 3, 4) satisfy the BCs: 

fay + 2irR) = e 2wiahT2 



H 3 



H 2 
H 4 



(x, y + 2ttR) = e 



-2wiaf l T2 



( H 2 

{ #4 



fa,y) , 



]fay) , 



Hi(x,-y) = H 2 (x,y) , H 3 (x,-y) = H 4 (x,y) 



and are expanded as 



(x, 2ttR — y) = e 



2iriaf l T2 



H 2 

#4 



fay) 



Hi fay) = E 

n=—c 
oo 

H 2 (x,y)= £ 

n=—c 
oo 

H 3 fay)= E 

n=—c 
oo 

H 4 (x,y)= E 



n-a h dU n-a h 



/,;:(,-) cos VL-^ y -h$( 



R 



R 



. n — a h 
x) sin — - — y 



R 



h^fa) sin 



n - a h dU . n-a h 

y-Kfa) cos 



R 



-hi fa) sin U ™ h y - h^fa) cos 



R 

n- a h 
R 



-y 



(31) 
(32) 
(33) 

(34) 
(35) 
(36) 
(37) 



respectively. Upon compactification, the following mass terms appear after 
integrating over y, 

2" 



E 



n ~ a h \ 2 , (q'hl 
R ) 



+ 



R 



h u \ 2 + \h d \ 2 
' b n\ ~ \"'n\ 



+ E 



2^^ + h.c. 



(38) 



From ( 1551) , we find that the eigenvalues of mass squared matrix for and h$ 
n — ah ± 

— and the following one- loop effective potential is obtained 



arc 



R 



V&[ 7 ] = -AC E — [cos [2im (q' hl - a h )} + cos [2nn (q' hl + a h )}) . (39) 

n=l U 



The sum of one-loop effective potentials V^jpy] and ^[7] is rewritten by 



n=l 



Kf W = KffW + KffW = 8C E ^ [1 " cos(27rna,)] cos(2W fc 7) • (40) 
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We find that the V^ffy] minimizes at q'^ = 1/2 irrespective to the value of 
ah- This means that the magnitude of \x is 1/(2R) comparable to those of 
Kaluza-Klein modes and the MSSM with soft SUSY breaking parameters of 
0(l)TeV and a small extra dimension much less than O(10~ 18 )m cannot be 
derived unless other contributions are added. 



2.4 Fixation of Wilson line phase 

We introduce SM gauge singlets in order to fix 7 to be 0(i?/TeV _1 ). Let 
us incorporate two hypermultiplets (tpi, 0i\ 0i 2 ) and (^2; 02 1 , 02 2 ) whose La- 
grangian density is given by 

c= E i$ k r M DMi/> k + E E \D M (f>k l \ 2 , (41) 

fc=l,2 fc=l,2/=l,2 

where Dm = 5m + Ws-dQ'^'m^ ■ Those fields satisfy the conjugate BCs such 
that 

(&)*.» + **) = -(&)<*.»). < 42 > 

( ^ )*.-»> = (4i < 43 » 

( ^ W 2rf -y)= - 75 ( W y) (44) 

and 

fc '(x, y + 2nR) = e 2ma ^ k l (x, y) , <j> k l (x, -y) = <j> k l \x, y) , 

<P k \x, 2nR -y)= e 2 ™*<f> k l \x, y) , (45) 

where we take a universal Scherk-Schwarz phase a<f> for <fi k . The ipi and ip2 
are expanded as 

i>i(x,y) = 75 E^in(z)cos ^—-J-y 1 , (46) 



00 /„ 1 1 



^2(2, y) = 75 E^2n(a;)sin (^=r%) , (47) 



n=l 
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respectively. Here ipi n (x) and fan ( x ) are rea l fields. The 4>k are expanded 
as 



9fc (x 



y)= <Pkn{x)exp [ I 



n + 



R 



(48) 



where 



'kn 



X 



are real fields. Using the above expansions (J46 



following one-loop effective potential is derived 



n=l 



n" 



cos 



2im ( ~ + ^7 



cos 



2vm (o^ + ^7) 



the 



(49) 



We consider the sum of one-loop effective potential for Higgs multiplet 
V^ffpy] and the SM singlets one V^^]. When |a^| <C 1, the minimum of 

KfW + KffW is g iven at 7 - —^j- In the case that a^/q'^ = 0(a h /q' h ), 



the magnitude of \i = q'tff/R can be same order of soft SUSY breaking Higgs 
mass \a.h/R\ and it offers to a solution of ji problem. We find that the 
breakdown of electroweak symmetry can occur radiatively using the same 
analysis in [15J. The light SM gauge singlet fields with mass \a^/R\ ap- 
pear upon compactification, but it would be harmless from the viewpoint of 
naturalness unless they couple to Higgs multiplets through renormalizable 
interactions. [221 E31 E3 EE] 

Our model does not suffer from the SUSY CP problem because all soft 
SUSY breaking masses and \x parameter are real- valued. The flavor changing 
neutral current (FCNC) processes can be suppressed enough if the Schark- 
Schwarz phase of the relevant sfermions has a common value. 

Our scenario can be applied to the SUSY 577(5) orbifold grand unified 
theory (GUT). [251 EZ] By the introduction of the following matrices (P , Pi) 
relating Z 2 reflections under y = and y = nR to the BCs of two sets of 
Higgs multiplets, 

P = diag(l,l,l,l,l) , P 1 = diag(-l,-l,-l,l,l) , (50) 

the triplet-doublet splittings are realized elegantly. 



2.5 Implication on 6 parameter 

The strong CP problem is a naturalness problem that asks why the CP- 
violating phase in QCD is extremely small. [2S1 EH] The non-observation of 
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the neutron electric dipole moment suggests \9\ < O(10~ 10 )Q The parameter 
9 is a physical one unless there is an exact global symmetry that can make 
9 to be zero, in which case the value of 9 is determined dynamically by 
introducing a corresponding physical degrees of freedom. 

Three possible solutions have been proposed to solve the strong CP prob- 
lem. First one is that one of quarks is massless and then 9 is made to be zero 
by the chiral transformation. This possibility seems to be ruled out by experi- 
ments. Second one is the so-called Peccei-Quinn mechanism J30J EE] involving 
a light pseudo Nambu-Goldstone boson called axion. J32J [33j EU |35j [36] In 
the model, the Peccei-Quinn symmetry C/(1)pq couples to the QCD anomaly 
and 9 is made to be zero dynamically by the potential generated by the QCD 
instanton effects. Third one is that the CP transformation is an exact sym- 
metry in an underlying high-energy theory, and it is broken very weakly in 
the low-energy theory. [371 EE] 

The Peccei-Quinn mechanism is most popular, but there are two theo- 
retical problems. One is how to suppress contributions from other explicit 
C/(1)pq breaking terms such as higher- dimensional operators induced by the 
possible quantum gravity effects. The other is how to get the axion decay 
constant f a naturally within the narrow window f a = 10 10 ~ 12 GeV, where the 
constraint on f a originates from astrophysical and cosmological bounds. 

Let us discuss the implications on the 9 parameter from the dynamical 
rearrangement |f| In our model, there are at least two sources to the strong 
CP violation. The first one is the 9 term on the brane, 

Cane = (^M^) > ( 51 ) 

where 9 is the QCD vacuum angle on the brane with the mass dimension 
[9] = 0. The second one is the bulk term called the mixed Chern-Simons 
term, 

''-bulk - A M tr K^NL^OP) , [OZ) 

4 After the breakdown of SU(2)l x U(\)y and the re-definition of quark fields' phase, 
the parameter 9 becomes the effective one 6 = 9 + argdct (M u Md) where M U: d are mass 
matrices of the up and down- type quarks. 

5 The dynamical rearrangement of the 9 parameter has been studied in the presence of 
a mixed Chern-Simons term and it has been pointed out that the parameter is regarded 
as a BCs for the orbifolding.[20] 



12 



where k 5D is the coupling constant of mass dimension [« 5D ] = —1/2. The 
mixed Chern-Simons term is invariant under the gauge transformation whose 
gauge function vanish at the boundaries of space-time. Note that we have 
put the 9 term only for the zero mode F^J though there can be other terms 

suchas^e^tr^F^). 

After the dimensional reduction and dynamical rearrangement, we obtain 
the following QCD vacuum angle, 

9 eS = 9 + ^^1 = 9 + ^^1, (53) 
3 g' 5D R 3 g' m K } 

where k 4D and g' m are couplings with mass dimesion zero relating to k 4D = 
k 5D /\/R and g' 4D = g' 5D y/R, respectively. 

As pointed out in [20], the A!§ ^ cannot play the role of axion in the 
presence of one-loop effective potential Kg [7] because V e $ usualy gives the 
dominant contribution to determine the VEV of A'^ against the QCD in- 
stanton effect |§ Hence we need to consider other candidates for the axion, 
the third solution or other (unkown) mechanism. If we take the third so- 
lution, both jCbrane an d ^bufk are forbidden by a symmetry. Based on the 
brane world scenario, let us relax the assumption such that the CP is an 
exact symmetry on the brane in an underlying high-energy theory, but it is 
not necessarily in the bulk. Then we have the conditions: 

^2 < 0(KT n ) , argdet(M tt M d ) < 0(1(T 10 ) . (54) 
9m 

The magnitude of /i parameter should be of order 0(l)TeV from the natu- 
ralness argument and it leads to the condition: 

q' hl = OiR/TeV- 1 ) . (55) 

From the first condition of f )54|) and ( )55|) . the following relation is derived 

O(10 14 )GeV < • (56) 



6 It was pointed out that the A'^ ' can play the role of axion in the absence of T4ff[7] 
in a similar type of five-dimensional model. [59] The equivalent model is reformulated in 
other formulation. HOI 
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3 Conclusions and discussion 



We have studied the generation of \i parameter from the dynamical rear- 
rangement of local U(l) symmetry in a five- dimensional model, under the 
assumption that SUSY is broken by the Scherk-Schwarz mechanism. We 
have obtained the same magnitude of fi parameter as that of soft SUSY 
breaking masses of hidden scalar fields (4>k) because the one-loop effective 
potential includes both the Wilson line phase and the Scherk-Schwarz phases 
of 4>k ■ We have discussed phenomenological implications on the 9 parameter 
and found that there can exist the constraint on the size of extra dimension 
in the absence of axion. 

One of the problems in our scenario is that the origin of extra U(l) 
symmetry is unknown. There is an unusual feature that the eigenstates of 
U(l) gauge symmetry do not agree with the eigenstates of BCs. The origin 
of SM gauge singlets is also not clear. It would be interesting to approach 
these problems from a more fundamental theory. 
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